An analytic Pade-motivated QCD coupling 
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Abstract. We consider a modification of the Minimal Analytic (MA) coupling of Shirkov and 
Solovtsov. This modified MA (mMA) coupling reflects the desired analytic properties of the space- 
like observables. We show that an approximation by Dirac deltas of its discontinuity function p is 
equivalent to a Pade (rational) approximation of the mMA coupling that keeps its analytic structure. 
We propose a modification to mMA that, as preliminary results indicate, could be an improvement 
in the evaluation of low-energy observables compared with other analytic couplings. 
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THE MODIFIED MA MODEL AND ITS APPROXIMATIONS 

Space-like observables &{Q 2 ) are analytic in the entire complex <2 2 -plane with the ex- 
ception of the negative semiaxis starting at some threshold — Mq < 0. In standard pertur- 
bative QCD (pQCD), the coupling a(Q 2 ) = (X s (Q 2 )/n has Landau singularities at low 
energies Q 2 ~ A 2 > 0. This nonanalytic behavior is reflected in the pQCD-evaluated 
expressions of the aforementioned space-like observables S#(Q 2 ), contravening the an- 
alyticity properties of the true &{Q 2 ). The aim of analytic QCD (anQCD) models is to 

provide a coupling A < f n \Q 2 ) with the correct analytic structure. We will consider the 
following expression for the QCD running coupling: 

K J Ml O+Q 

where Pi(c) = Im[a(— a — ie)] and a is the pQCD running coupling. In the pQCD 
case M 2 = -A 2 < 0. In the widely used Minimal Analytic (MA) model [1] Mq = 0. 
The MA coupling is analytic down to Q 2 = 0; however, the latter point is not in the 
analyticity domain because the derivatives there diverge. We consider a modification 

of MA, ^( mMA ) with Mq > 0, as introduced in [2]. This coupling has the same type of 
analyticity domain as the space-like observables. For the purpose of integration, Pi(cr) 
can be well approximated as a sum of positively weighted Dirac deltas (for application 
of such approximations in a somewhat different context see Ref.[3]). This approximation 

is equivalent to the paradiagonal Pade approximant 1 (Q 2 ) of A[ mMA ^ [4] 

^ ®{a-M 2 ) ^F 2 8{a-Ml) => A^ MA \ Q 2 ) « £ -A^. (2) 

71 n=\ n=\ iV1 n^ { *i 



We can use these approximants to evaluate the coupling and avoid the more time- 
consuming calculation of the dispersive integral in Eq. (1). Further, mMA coupling is a 



Stieltjes function, so all the poles Q 2 ole of its paradiagonal Pade approximants lie on the 
negative real axis (<2p i e < — Mq) keeping the desired analytic structure. 
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FIGURE 1. Left: the full line is the mMA coupling, the dashed lines are the Pade approximants 1 : 
R° v R\, R 9 W , with M = lM n \ right: pQCD coupling full line, MA dotted, dmMA dashed. 



THE DELTA-MODIFIED MA MODEL 

Motivated by the success of the approximation of pi by a sum of Dirac deltas, and with 
the aim of better reproducing data, an additional Dirac delta in Eq. (2) can be intro- 
duced to parametrize the unknown physics in the domain of low positive o: Api(c) = 
kF 2 1 8(o —M 2 ^. Here, F 2 l and M 2 _ x are new positive parameters (0 < M 2 _ x < Mq) of 
this "delta-modified" MA model (dmMA). This leads to the coupling 

Af mMA \Q 2 ) = ^V + - f da-^\. (3) 
1 ^ 1 Q 2 +M 2 _ x kJmI o + Q 2 

The parameters F 2 X and M 2 1 can, for example, be fixed by requiring that 

|A ( / mMA) (2 2 ) -a(Q 2 ) \ ~ (A 2 /2 2 ) 3 for Q 2 ->■ oo, i.e., dmMA being much closer to 
pQCD in the asymptotic region than the MA and mMA couplings (=>• the value of A 2 
practically the same as in pQCD) [5]. The remaining parameter, Mq, can be fixed by 
requiring that this coupling reproduce the experimental value of the massless strangeless 
semihadronic T-decay ratio r x = 0.202 ±0.004, the low-energy observable that cannot 
be reproduced correctly using MA or mMA. 
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